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Abstract

We have developed a simulation of two
dimensional ideal linear and ring polymers in
which the polymers are moved by Brownian
dynamics. Properties such as the mean-square
radius of gyration, the g-ratio, the asphericity
and the form factor have been computed and
compared to theoretical predictions. There is
good agreement for all properties studied. The
graphical capabilities of the Maple software
package have been employed to examine
individual configurations. This type of project is
suitable for junior/senior majors in engineering,
mathematics or science.

Introduction

In a recent article by Merriman and Bishop [1]
a “coarse grained” model of polymeric materials
was described. In this three dimensional model
all the atoms making up the detailed monomer
building blocks of a polymer were grouped into
spherical “beads” and the individual beads were
then linked together to form the polymer of
interest. This model was further simplified by
allowing the bead units to pass through each
other and even to overlap. Such an ideal model
serves as a first approximation of real polymers.
Linear and ring polymers were studied. In this
article we confine the polymers to two
dimensions so that the “beads” are disks. The
differences between ideal linear and ring
polymers are investigated by computing a
variety of their properties. Two dimensional ring
models are of interest since they have been used
by Drube et al [2] to model circular DNA
adsorbed on a mica surface. The -current
investigation was part of an independent studies
project.

Although every polymer can assume a
different spatial configuration at any time, an
overall size can be characterized by the mean-
square radius of gyration, <S*>. Here, < >
denotes an average over the polymer
configurations. It is well-known that for very
large ideal polymers, <S®> follows the scaling
laws [3]

<Sz>Iinear = Cl(N - 1) P and <Sz>ring = CZN P
1)

where N is the number of beads. The

coefficients Cq and Co are determined by the
details of the polymer model but the exponent P
is a universal quantity equal to 1.00 for all ideal
polymers. A useful parameter for comparing the
sizes of linear and ring polymers is called the g-
ratio and it is defined as the ratio of the radii of
gyration:

g= <Sz>ring I <S*>linear (2)

Zimm and Stockmeyer [4] showed that for the
ideal polymers studied here g = V2.

Details about the shapes of polymers can be
determined from the matrix representation of the
tensor of components of the radius of gyration.

Its eigenvalues, A1 and Ay are the components of
<S%> along the principal orthogonal axes. The

trace of this tensor, A1 + Ay, is equal to <S?>. By
convention, the A values are ordered by

magnitude such that A1 > X> and then averaged.
Rudnick and Gaspari [5] have defined the
asphericity, A, of polymers in two dimensions as

A=<= 2)*>1<(q+3)’>  (3)
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and the average asphericity, <A>, as
<A> = <(M- 20 g+ RP> (4

Note that in these equations A involves a ratio
of averages whereas <A> involves an average of
a ratio. The shape of a polymer can vary from
an extended rod in which A, is essentially zero
so that A and <A> have a value of one, to a disk
for which A; = A, and both A and <A> are zero.
In between these extremes a polymer
configuration can be imagined as enclosed
inside an ellipse with semi-major axis equal to
A and semi-minor axis equal to ;.

Another important structural property of
polymers is the scattering factor, S(K). This
function provides information about the spatial
monomer distribution of polymer materials. It is
defined [6] as the Fourier transform of the
density-density auto-correlation function and is
given by

N

S(k) = (1N2) D <explik * (Ry - Rm)]> (5)
m,n

where k is the momentum transfer of the

scattering experiment and R, and Ry, are the
positions of the m-th and n-th monomers.

In an ideal polymer model the configurations
obey random statistics and have a Gaussian
distribution. Then the scattering factor for a two

dimensional linear polymer is given by the
Debye [6] function

2
S(K) linear =2 [ X-1-exp(-X)]/X (6)
where X = (3/2) k2 <S%> jinear-

The corresponding function for rings has been
obtained by Casassa [7]

w
S(K) ring = (1/ W) exp( - W) Jexl t'1dt (7)
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where W = X212 and X = (3/2) k2 <S%> ring:

The goal of this project was to determine and
then compare <S°>, the g-ratio, A, <A> and
S(k) values calculated from computer
simulation to theoretical predictions for two
dimensional linear and ring polymers.

Method

In the simulations, the location of the
geometric center of each bead in the polymer is
defined by their X and Y coordinates. The first
bead is always assigned the coordinates of the
origin (0, 0). The distance between two
connected units is maintained to be nearly 1.0
by a harmonic spring force.  This force
differentiates a linear polymer from a ring since
rings have an additional connection between the
first and the last units. In addition to these
harmonic inter-bead forces, Brownian dynamics
[8] simulations also model solvent effects by
including random and frictional forces.

The polymers are started in the XY plane in
different configurations depending upon the
total number of beads, N. When N is a multiple
of three the initial configuration is a triangle
whereas when N is a multiple of four, it is a
square. The beads are moved in time by using a
small time step for integrating the resultant
equations of motion. The Verlet [8] integration
algorithm is employed. The initial state is not
representative of the final equilibrium state and
therefore, some number of integration steps are
discarded before the averaging process begins.
Also since data at adjacent time intervals will be
highly correlated, the data are collected at a
spacing of 25,000 time steps. The resulting
random snapshots of polymer configurations are
used for subsequent data analysis. Typically, we
generate 1,000 such equilibrated samples.
Figure 1 presents the time series of the radius of
gyration of a 284 unit linear polymer. Each step
in this figure shows a sample value after 25,000
time steps. Also shown is the average value over
the 1000 equilibrated samples. We decided to
discard 10 Steps (250,000 integration steps)
before starting the averaging process.
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Figure 2: Snapshot of a linear 195 bead polymer.
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Table I: The Simulation Data.

Linear Ring
N <S%> A <A> <S%> A <A>
64 | 10.92(22) 0.559(43) 0.393(7) 5.61(8)  0.323(19) 0.256(6)
128 | 23.58(45)  0.595(46) 0.424(8) | 11.24(16) 0.344(20) 0.268(6)
195 | 31.80(61) 0.537(43) 0.376(7) | 16.80(23) 0.313(19) 0.252(6)
284 | 47.64(97) 0.575(48) 0.389(7) | 24.91(36) 0.346(20) 0.270(6)

The computer program which performs the
simulation was written in C and compiled and
executed in a Linux environment using the open
source gcc compiler. Further understanding of
the system’s behavior was achieved by
employing the graphic features of Maple to
visualize the changing polymer configurations
as the simulation progressed. Figure 2 shows
the linear 195 bead polymer after many
Brownian dynamics moves. In this case, the
system was started in a triangular configuration.
The beads have diameter one and bonds are
drawn connecting the centers of adjacent units.
One notes that while some of the beads are still
tangent, others have penetrated each other.

The radius of gyration tensor, T, for the p-th
configuration has the following matrix
components

N

Ta(p) = (I/N)X [Ri(p)-RCM(p)]a [Ri(P)-l(?(iM(p)]b
i=1 8

where a and b indicate two directions in a

Cartesian frame, R;j(p) is the position of the i-th
bead and RCM(p) is the center of mass defined
as

N

RCM(p) =(I/N) X Ri(p) (9)
i=1

The eigenvalues of the matrix representation
of this 2 X 2 radius of gyration tensor were
determined by solving the resultant quadratic
equation.
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The set of any property values for each
polymer configuration were then further
averaged over the total number of samples
generated to determine the mean value and the
standard deviation from the mean employing
the usual equations [9]

Results

Table | presents the simulation results for all
the systems studied. The number in parenthesis
denotes one standard deviation in the last
displayed digits. The 95% confidence interval is
about twice this value. It is clear from the data
that for a given number of units N, ring
polymers as expected, are much more compact
than linear chains.

Weighted nonlinear least-squares fits [9] to the
<S%> data in Table | gave exponent values of
0.96 + 0.02 and 1.00 = 0.01 for the linear and
ring polymers, respectively. These empirical
exponents are within the 95% confidence
interval compared to the ideal value of 1.00.

The g-ratios have been calculated from the
radius of gyration data in Table I and the error
in this quantity has been computed from the
standard equation [9] relating the error in a ratio
to the error in the numerator and the error in the
denominator. The simulation g-ratios are listed
in Table Il. The number in parenthesis denotes
one standard deviation in the last displayed
digits.



Table Il Simulation g-ratios.

N g-ratio

64 | 0.514(13)
128 | 0.477(11)
195 | 0.528(12)
284 | 0.523(13)

These simulation results are for finite N
whereas the theoretical equations are for infinite
N. To determine the value of g as N approaches
infinity, we plot g vs.1/N so that when N — oo,
I/N — 0. The g value for infinite N can thus be
found by determining the intercept of this graph
after fitting a weighted least-squares linear line
in 1/N to each set of data in the tables. The
extrapolated g-ratio is found to be 0.516 + 0.013
compared to the theoretical prediction of 0.500.
The computer result is within the 95%
confidence interval compared to the theory.

The simulation results for A and <A> in
Table | show, as expected, that the asphericity
of ring polymers is substantively lower than the
linear chains; e.g. the rings are much more disk-
like in their shape. As was the case for the g
ratio we have extrapolated a linear fit in 1/N to
predict values for a simulation with an infinite
number of beads. These extrapolations give A =
0.566 + 0.045 and <A> = 0.389 + 0.007 for
linear chains and A = 0.338 = 0.019 and <A> =
0.267 + 0.006 for rings. The known values for
linear chains in two dimensions are 0.571 [10]
and 0.396 [10]. The corresponding values for
rings are 0.333 [10] and 0.263 [10]. Both the
linear and ring results are in fine agreement
with the theoretical values.

The form factor has also been computed from
the simulation configurations by  first
performing an average [11] over the angle

between k and Ry, - Ryy. This operation on Eq. 5

yields
N

S(k) = (UN2) D <Jo[k(Rn-Rm)]>  (10)
m,n

where Jg, is the zero-th order Bessel function.

The simulation results are compared to the
theoretical Egs. 6 and 7 in Figure 3. The
reciprocal of the form factor is plotted to
emphasize differences at higher k values
(smaller distances). Note that x is related to k in
Egs. 6 and 7. The Brownian dynamics results
for both ideal linear and ring polymers are in
fine agreement with the equations which have
been derived for infinite N. At low x values
(large distances) there is essentially no
difference in the form factors of the two
polymers. However, at large x (small distance)
the detailed polymer structure has a significant
effect.

Conclusion

Brownian dynamics has been used to generate
two dimensional linear and ring polymer
configurations. The mean-square radius of
gyration has been determined for different
values of N. It is found that the data obey the
expected power law with a power nearly equal
to 1.00. The g-ratio has an extrapolated value
which is in reasonable agreement with the
Zimm-Stockmeyer theoretical prediction [7]. In
addition, the asphericity and the form factors
are also in good agreement with the theoretical
results. These types of simulations provide
interesting projects in which students can get
experience in computational science. This will
be very useful in their future careers.
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Figure 3: The reciprocal of the form factor vs. x. The dotted and solid lines are the theoretical Debye
and Casassa predictions for ideal linear and ring polymers, respectively, whereas the circles and
triangles are the corresponding simulation results when N = 284.

Appendix: The Manhattan College
Undergraduate Research Program

Manhattan College has a long tradition of
involving undergraduates in research and was
one of the original members of the Oberlin 50.
This is a group of undergraduate institutions
whose students have produced many Ph.D.’s in
engineering and science. At Manhattan College
students can elect to take an independent study
course for 3 credits during the academic year. In
addition, the College provides grant support to
the students for 10 weeks of work during the
summer. | have personally recruited the students
from my junior level course in Systems
Programming. Previously published articles in
this journal by Manhattan College student co-
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authors are a very effective recruitment tool.
The students have also presented their results at
a variety of undergraduate research conferences
including the Hudson River Undergraduate
Mathematics Conference and the Spuyten
Duyvil Undergraduate Mathematics
Conference.
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